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Abstract 

We show that there is no superradiance in the rotating BTZ black hole for vanishing 
boundary conditions at infinity for the real scalar field. 

1 Introduction 

The superradiance phenomenon takes place when a wave is partially reflected and 
partially transmitted. It can be roughly defined by saying that: the reflected part has 
a bigger amplitude than the incident one. This phenomenon can be possible because 
energy is being taken from a source which might be for example a electrostatic field [1]. 
It turns out that this phenomenon also occurs on black hole geometries, particularly 
on the Kerr metric. However, in this metric the real scalar field present superradiance 
whereas a fermionic field not, see for example [2], [3]. The BTZ metric has some 
similarities with the Kerr metric. Hence it seems natural to investigate what happen 
in the BTZ metric regarding superradiance. Apart from the interest in its own right, 
superradiance is closely related to quantum effects on black holes, for instance, pair 
particle creation. 
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Naively, we could expect that superradiance must occur on the BTZ metric for the 
scalar field whereas must be absent for the Dirac field. See for example [4j, where it is 
argued that superradiance exists in the BTZ black hole (BTZbh) for the scalar field. 
However, as we will show below, there is no superradiance for vanishing boundary 
conditions at infinity. 

The paper is organized as follows: in section 2, we give a suggestive analysis of 
superradiance in BTZbh by following the analysis of superradiance in Kerr given in [7|. 
With this analysis no final conclusion about the existence of superradiance in BTZbh 
for the real scalar field is reached. So in section 3, we analyze superradiance for this 
system and vanishing boundary conditions at infinity by using the exact solutions of 
the Klein-Gordon operator in BTZbh. In this section we conclude that superradiance 
does not exist for these boundary conditions. 



In order to achieve our goal we will use the known exact solutions of the Klein-Gordon 
operator in the BTZbh, [5] and [6]. Before doing this we will analyze some properties 
of the asymptotic solutions of the Klein-Gordon operator which shed some light on 
the peculiarities of the problem under consideration. We will do this by using some 
techniques borrowed from [7J . The analysis of this section reflect how the author came 
across with the problem of superradiance in BTZbh. That is the reason for the title 
of this section. This section sets the scene for asking if superradiance exists in BTZbh 
for the real scalar field. The next section gives a definitive answer to this question for 
one particular choice of boundary conditions at infinity. 

We shall assume that the scalar field (p satisfies the equation 



where £ is a coupling constant, R is the Ricci scalar and m can be considered as the 
mass of the field. For the BTZ metric 
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where 

> Ml- I.I. I J x ~ N ' 2 



4 = ^| 1± ^-^J J |, (5) 

with | J| < M7, the Ricci scalar is R = 6 A = — p. 
Hence the last equation can be written as 

(V M V^ - m 2 ) <p = 0, (6) 

where rh? = m 2 — j|. Here rn? can be negative since we assume m 2 > 0. The operator 
V^V^ is given by 

v M v>v = -±=^ (V\g\g^d v v) , (7) 



where <? = \gav\- F° r the BTZ metric with J^Owe have (7 = — r 2 , then |g| = r 2 
After a direct calculation, using ((TJ) in d6j) , it is obtained 

d 2 R , T f , T A 2 ^ , ~ 2 , rV" d / / 2 \ , / 



dr 
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where it has been made the ansatz cp(r,t,(f)) = e~ lLUt e m4> and r = r (r*) with 
= f~ 2 . This equation has been written in [8]. However, there is a typo in the 

expression given in this reference, the factor r 1 / 2 in the third term in the square bracket 

is missing. 

If ([8J is rewritten as 

d 2 R 



dr* 2 

where 



+ V(r*)R = 0, (9) 



/ \2 r? r 1 / 2 A ( f 2 \ f 2 

V (O - („ + niV*) - + + r_i_ ( j_) + ^ (1Q) 

then 

ar ar 

where R\ and i?2 are solutions of Q. The equation Q is valid for all the region 
"outside" the horizon where r* goes from —00 to 0. In analyzing superradiance in Kerr 
metric, the equation (fl~Tj) is the starting point [7j. The idea is to use this equation 
for two asymptotic solutions of ([9]) where in the asymptotic regions the potential V is 
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finite. In the present case at the horizon, N = 

0+^ = 0, (12) 

where ui = ui + nN^{r + ). From the last equation it follows that at the horizon the 
behavior of R is 

R<xe~^ r * Roce^ r *. (13) 

At first sight it seems that V (r*) goes to oo when r*(r) goes to (oo). This is because 
at infinity the BTZbh is asymptotically AdS. So it seems that we can not proceed 
further in the analysis by this method. However from Q it follows that if V were 
finite at infinity then we would have 

R oc e~™' r * R oc e iuJ ' r * (14) 

for some uj' . In this case we could analyze the superradiance phenomenon in the same 
lines as in the Kerr case using the techniques given in [TJ. It turns out that V tends 
to a constant value at infinity when 

m 2 + JL = 0. (15) 
Hence, in this case f)14[) is true with 




U} ' = J U} 2_- [n 2 + -i- . (16) 



If at infinity there is a incident and a reflected wave -Roo oc e~ luJ r * + Ae luJ r * with A a 
complex constant, and at the horizon an incident wave Rh oc Be~ tu)r with B also a 
complex constant, then after substituting this solution and its complex conjugate in 
(fTTj) it is obtained 

1_|A| 2 = ^|£| 2 . (17) 



ur 

From this equation it follows that if uj < or to < nQ,H with = —N^, the 
angular velocity of the horizon, then the reflected wave has a bigger amplitude than 
the incident one. At this stage it seems to exist superradiance when (|15p is satisfied. 
However because of (fT6|) . it must be satisfied 



1 / o M 

tJ> 7V + T' (18) 
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Also because oj < nO#, it must be satisfied 



uj < 




where we have used = ttt- Because |J| < IM and ui > both inequalities can 
not be satisfied at the same time. Hence the fact that uj < uVLh could happen does 
not imply that superradiance exists. In the next section we will show that it does not 
exist for vanishing boundary conditions at infinity. We point out that these boundary 
conditions are between the more natural ones since the BTZbh is asymptotically AdS 
spacetime, and it has been shown [9] that a well defined quantization scheme can 
be set up in AdS spacetime with these boundary conditions. Also related with this 
issue is the fact that in four dimensions in the Kerr- AdS black hole the existence of 
superradiance depends on the boundary conditions at infinity [10]. So it is expected 
that in the present case something analogous is happening. 



3 No superradiance in the BTZ black hole 

The discussion of this section follows closely the discussion in [5] and [6], however in 
those works no mention to superradiance is made. 

If we assume harmonic dependence in t and 4>, then the operator ([7]) reads 

V ^ VA V = -7272 (" wV + n " (j - M ) + ™ J ) + l°r ( r f 2 dr) (20) 

where we have made tp{r,t,(f)) = e~ lult e in ^ f nuJ . Hence the equation © reduces to an 
equation in r for f nuJ 



^ -u?r 2 + n 2 ( T — - Al) + nuj] + -— (rf 2 -^- ) - m 2 



/ nu (r) = 0. (21) 



f 2 r 2 \ \l 2 J J ' r dr \ J dr / 

2 

If we make v = then after some algebra we get 

+ f i + ( n {Mn - M - ™ 2l2A - ^ - ^ u )) fUv) = °' (22) 



where A = (v — v + ) (v — V-) and ' = j^. If now we let 



fnu = {v - v + ) a (v - v-fg nuJ (23) 
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we get 

u i l ~ u )a'L( u ) + (c - (a + 6 + 1)) g'nuiu) ~ abg nu] {u) = 0, (24) 
where u = , a = a+/3+^ (1 + u), b = a+/3+± (1 -v),c = 2/3+1, v 2 = l+m 2 l 2 , 

a2 = ~ 4(v + -v.f ( r+UJ ~ r r 1 ) 2 and 132 = ~ 4(v + -v.r ( r - w - r -^r) 2 - The e q uation for 

g nw is the hypergeometric differential equation, its solutions are well known. This 
equation has three (regular) singular points at 0, 1, 00 and two linear independent 
solutions in a neighborhood of these points. Any of these solutions can be analytically 
continued to another by using the so-called linear transformation formulas, we will use 
this property later. The solutions are divided in several cases depending on the values 
of some combinations of the coefficients a, b and c. Let us consider the case when none 
of c, c — a — b, a — b is a integer. 

The points u = 0,1, 00 correspond to the inner horizon, outer horizon and infin- 
ity respectively. Because of the timelike boundary of the BTZbh at infinity, we are 
interested in solutions which allows us to have predictability, that is to say, we are 
interested in situation where no new information coming from infinity can enter to our 
problem. Let us consider the two solutions at infinity. These solutions are given by 

gnu =u~ a F(a,a-c + l;a-b+l;u- 1 ) (25) 

and 

gnuj =vr b F(b,b-c+l;b-a + l;vr 1 ), (26) 

where F(a, b; c; z) is the hypergeometric function with coefficients a, b and c. If we 
write ([23]) as a function of u we have 

f w (u) = (v + - v_r + ? (u - l) a uPg w (u) (27) 

■r 2 

where v± = -0- . Using (|27p in (|25p and (j26[) we have two functions at infinity given by 
f nul (u) = (v+ - v_) a+ P (u - 1)° U P- a F(a, a-c+l-a-b + l- O (28) 

and 

fnUu) = (v+ - «-) Q+/3 (u - l) a u?- b F(b, b - c+ 1; b - a + 1; u" 1 ). (29) 
The last two equations can be approximated as 

UUu) ~ (v+- v-) a+p vT h + F{a,a - c + l;a - b + l-u- 1 ) (30) 
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and 

fnUu) ~ («+- ^-) Q+/3 u- /l -F(6,6-c+l;6-a + l; U - 1 ), (31) 

where /i+ = i(l + i/), /i_ = |(1 — z/) with ^ = ±Vl + m 2 l 2 . If we take the positive 
square root then the first solution converges for any value of u and the second solution 
converges for < v < 1 and diverges for v > 1. If we take the negative square root the 
situation is inverted. Let us take the positive square root and just the first solution. 
We can analytically continue (find the expression) this solution to a neighborhood of 
u = 1 using the following linear relation [IT] 

nt l ^ T(c)T(a + b - c) sc-a-b a-c 

F(a,b;c;u) = J -f J -(l - u) c V x 

r(o)r(6) 

x F(c-a,l-a;c-a-b+l;l-l/u) (32) 

T(c)T(c-a-b) 

T(c-a)T(c-b) 
x F(a,a — c + l;a + b — c + 1; 1 — 1/u), 

where r(x) is the gamma function. By letting u — )• ^, a = a, b = a — c + 1 and 
c = a — 6+1 in the last equation we have 

1, T(a-b+l)T(a + b-c) / u - l\ c ' a ' b 

F(a,a-c + l;a-b+l;-) = V —— — - - I x 

w r(a)r(a — c+1) \ u J 

x -u 1_6 F(l - 6,1 - a;c- a- 6+ 1;1 - u) 

r(a-6 + i)r( c -fl-6) 
+ r(i-6)r(c-6) 

x F(a, 6; a + 6 — c+ 1; 1 — u). 
Inserting (|33p in (|30p . close the outer horizon, we have 



r(q-6 + l)r(q + fe-c) 
r(a)r(a — c+1) 

x F(l-b, l-o;-2a + l;l-«) (34) 
T(a — b + l)r(c — a — 6) . .„ o„, , 

+ r(i - b)T(c -b) {u ~ l) (a ' ; 2a + 1; 1 ~ u) - 
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The expression ([M]) can be expressed as 

J™ r(a + /3 + / i+ )r(a-/3 + / l+ ) ln iJ 

x F(-a - /3 + /i+,-a - /3 + -2a + 1; 1 - u) + 

+ r(i + ,)r(-2a) g 

x F(a + /3 + h + ,a + (3 + /i_;2a + 1; 1 - u) (35) 

From this expression we can see that the two coefficients in both terms are conjugate 
one of each other. Hence near a = lwe can write the last expression as 

fnu~e ie (u-ir + e- ie (u-l)- a (36) 

where e 2%e = r7^F^ffi)i7a^^^r^^^ • ^ e wom d n ^e to write the last expression 
as a sum of two wave modes. In order to do this we introduce another variable. First 
we notice that 

a = ±rAr(w - tin), (37) 
47rT 

where T = !^ 2 ^~ and f2 = j^-. We now define x = In (it — 1). With this definition 



the equation (|36j) becomes 

fm, ~ e id e ix{uJ - Un) + e -^ e -ix{oj-Qn) _ ^ 

From here we conclude that the solution to the Klein-Gordon operator near the outer 
horizon goes like 

(p ^ e -ioJt e in4> ^ & ie e ix(uj-nn) _|_ g -i0 g -ia;(w-Qn)^ _ 

From this expression we see that the mode near the outer horizon is a superposition 
of an ingoing and an outgoing wave, both with the same amplitude, hence cancelling 
each other. This is what we expected since at infinity this mode vanishes, hence the 
superradiance phenomenon does not appear. 

It would be interesting to explore superradiance with other fields, for example, 
the Dirac field. Also with the real scalar field it would be interesting to study other 
boundary conditions and see what happen. 
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